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Abstract 

The bound states of two particles are studied in frames of non-relativistic quan- 
■ turn field model with current x current type interaction by analyzing the Bethe- 

Salpeter amplitudes. The Bethe-Salpeter equations are obtained in closed form. 
The existence of Goldstone mode corresponding to the spontaneous breaking of 
additional SU(2) symmetry of the model is revealed. 

o i 

The conventional approach to the investigation of two particle bound states in quantum 
field theory is based on obtaining the Bethe-Salpeter equation (approximate in general) 
U . In the paper || for the nonrelativistic model with current x current type interaction 
two fermion bound states were examined by straightforward solving of the two particle 



O 



Oh 



eigenstate problem for the total Hamiltonian. Since the Heisenberg fields of this model as 
in relativistic case contain both creation and annihilation operators it seems instructive 



\Q \ to follow up the obtaining of the Bethe-Salpeter equation in the frames of this model. 



In present paper it is shown that the existence of the closed Bethe-Salpeter equation 
in this case is related with the fact that Hamiltonian does not contain the "fluctuation" 
terms |§, i.e. the terms which do not commute with the particle number operator. 



Hamiltonian of the model has a form: 
: // / d\r 



¥ a a (x)e(f)^ a a (x) - XJ^x)^) 



where x = (x, t) , 



j(x) = -J^ (< a w m(x) - ix>i a (x)K(x)) , (2) 

a = 1,2 is isospin index, a = 1,2 is an index of the additional degrees of freedom. 
e(k) = y~ + mc 2 - is a "bare" fermion spectrum, ^(x) is a Heisenberg fermionic field 
which at t — has the form: 

K(x, 0) = -Ur / d 3 k{e^f a (k)A a (k) + e^* g a (k) ti a (k)}, (3) 
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where A a (k), A a (k) are annihilation operators of two different kinds of fermions. They 
satisfy the canonical anticommutation relations: 

{A a (k), A\{q)} = {A a (k), 4(q)} = 5 a p5 3 (k-q) } (4) 

The vacuum state is defined with respect to both kinds of particles A a (k), A a (k): 

A a | 0) AA = A a | 0) AA = (5) 

The amplitudes f a (k), g a (k) satisfy the completeness condition: 

f a (k)f b (k) + g a (-k)g b (-k) = 5 ab ; a, b = 1, 2. (6) 

It was shown at 0] that the existence of the exact solution for the Hamiltonian implies 
the condition f a , g a = const. At this condition Hamiltonian does not depend on f a , g a , 
what allows to take them in the following form: 

f a = ( J ) = Sai, g a = ( J ) = 5 a2 . (7) 

So the field ^%(x) can be presented via "frequency" parts *&^~\x) and ^J^\x): 

n(x) = f a y ( * ) (x)+9 a * { a +) (x)i (8) 

where 

¥-\x,0) = -L, fd 3 ke^A a (k) 

¥ a + \x,0) = -i-r / d 3 ke-^A{(k). (9) 



(27TJ2 ■> 

Let us write the Heisenberg equations for "frequency parts": 

ij t ^~\x) = [¥-\x),H] = E A ¥~\x) + Vj(x), 

-i^\x) = " i^\x),H} = E A ¥+\x) + n(x). (10) 

Because of the nonrenormalizability of the model under the consideration one should 
introduce an ultraviolet cut-off A: 



d 6 k = -^A d ; < k >= —. = -A ; g = — . (11) 

V* (2n)*J 6tt> j d3k 5 V* 1 J 

Renormalized coupling constant g has dimension of energy and enters alone into the final 
expressions for the all dynamical characteristics. 

There are two point of views on the value of cut-off parameter A. First one is to remain 
A finite choosing it by physical sense ( , @ ) . The second point of view is to consider A 
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as a regularization parameter only and tend it to infinity in final expressions, supposing 
the definite behavior over A of "bare" quantities ([0]). 

Direct calculations in fllTf ) lead to the expressions for one particle energies: 

7-1 / r*\ ^ 2r ^ k ^> 

^A{k) = 1- m c — og + g 



2mA Am 2 c z 



m m m,A ( \ 2g 

2mc 2 + 1 2m C 2 1 2 V V , 



+^_^t(+)( x )^H( x )^H( x ) _ ^^^t(+)( x )#R( x )^R( x ) + 
(2mc) z ' ' {2mc) z ' ' 



9 \ 9 \ 

t^(x) = 2A*t (+) (x)*f- ) (x)*t(-)( a; ) _ 2A^ +) (a;)^ ( - ) (^)^ ) (^) + (13) 

(2mc) 2 ' ' (2mcj z ' ' 

+-^^(xfm~\x)^-\x) - -^^W( x )m-)( X )^H( X ) + 
{2mc) z ' ' {2mc) z ' ' 

2 A 9 A 

+ (2^^(^ +)(X) ^^ )(X) ) *«" )(a;) " (?^)i^(^ r 7 +) ^ lJr 7" ) ^) 

As one can see threelinear terms V^f, V^J acting on vacuum vanish 

Vl | 0) = t/t I 0) = (0 I ^ = (0 I Vl = o, (14) 

due to the absence of "fluctuational terms" in the Hamiltonian ([I]). This fact turns out 
to be essential condition for Bethe-Salpeter equation to have closed form. 

Let us consider the Bethe-Salpeter (BS) amplitudes for fermionic fields ^/^(x): 

Gtt ab & y; P) = (o I T (Ki^iiv)) I d aa{p)) , 

G^ ab (x,y;P) = (0 | T (& a a (x)¥>(y)) \ D M (P)) , 

G^' a \x, y; P) = (0 | T (* a a {x)^{y)) \ D aA (P)\ , (15) 
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where | Daa(P)/ ■> I Daa(P)/ anc ^ I P*aa(P)/ are ^ wo P ar ticle bound states of three 
possible kinds: A — A, A — A, A — A particles respectively. The action of Hamiltonian on 
these states gives the equation for bound states energies Haa{P), ^aa(P)^ I^aa^P)'- 



H | Daa(P)) = (W + haa{P)) I Daa(P)) , 
H | D M {P)) = (W + M (P)) | D M (P)) , 

H | D AA (P)) = (Wo + ^aa(P)) I Daa(P)) ■ (16) 



Wq is the vacuum energy. 

Let us rewrite the BS amplitudes via "frequency" parts. One can see that matrix 
elements containing creation operators vanish. Therefore, we have: 

Gtt a \x iy] P) = f a f b (0 \ T (¥-\x)^-\y)) \ Daa(P) 
Git ab (x,y;P)=g a 9 b (0 \ T (tfJH {z)9f-\y)) | D M (P) 



G^ ab (x,y;P)=rg b (0 \ T (x)^-\y)) \ D AA (P)) . (17) 

So instead of BS amplitudes ([l|) we will consider the ones written via "frequency" parts 
which carry the isospin indexes only: 

Gt£' ab (x,y;P)=rf b G^(x,y;P), 
G^ ab (x,y-,P)=g a -g b Gii(x,y-,P), 

GiP ab (x,y;P) = rg b Gii(x,y;P). (18) 

Thus using ( |T0| ) we derive differential equations on these BS amplitudes. Let us write for 
example the one for G^(x, y; P): 



i-^-EA(V x ))G^{x, V] P) = (0 \T(yl{x)&f\yj) \ D AA (P) 



e \ a 

hi 



lw -E A (V y )\ ii w -E A (V x )\G^(x,y;P) 



-i5(t x - t y ) (0 | {V^(x), ¥~\y)} | Daa(P)) = (19) 



-2i\ < 1 



p~ - vl + 2p v (Ps ~ Px) \ s\x - y)G^( v , £; P) \ x=i=v - 



K (2mc) 2 

Here it is taken into account that at equal times 

(0 | T (¥-\x)¥-\y)) | Daa(P)) \ tx=ty=t = (0 | ¥~\x,t)^\y,t) \ D AA (P) 

The corresponding expressions for G^(x,y; P) and G^(x, y; P) could be obtained by 
the same way. The first of them has the similar form as (0), and the last one differs by 
sign of contribution from zero component J°(x) in the Hamiltonian ([!]). 
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The expression (IS) can be rewritten in the integral form: 



G%t(x, y; P) = 2iX \ d^ad^z A (x - z) A (y - a) {1- 



(20) 



(2mc) 



Pa - p x + 2p v (Pz - p x ) 



where A(x) is the casual (coinciding with retarded) Green function, satisfying the equa- 
tion: 



'i J- - ^(V*)) A (x - z) = iS\x - z). 



(21) 



Putting now t x — t y — t we obtain the equation for instantaneous BS amplitude: 



G^(x, y, t; P) = 2iX / d 4 z A (x - z) {1- 



(22) 



Let us pass to new variables i? = ~(x + y), f = x — y - total and relative coordinates 
respectively. Then BS amplitude has the form: 



G AA (x, y, t- P) = e -^AA(P)t +l PR K AA^ Q; 



a8 



where 



(23) 

v_ 2 _ ' w; 1 ^ AAy± >/' 

Combaining all mentioned above and passing in the eq (f£3) to the momentum represen- 
tation (the expressions for another two cases are obtained by the same way) we have: 



K^mP) = (0 | &-)('Q)tf-\-L ,0) | D AA (P)). 



F^ A \s- P) = X- 



1 + (2mc)- 2 [(k + s} 2 - P 21 



d 3 k 



F^ AA (k;P),(25) 



(27T) 3 J E AtA (Z + k) + E AA (% -k)- fi AAM (P) 



F^{s-P)=X 



(27T) 



d3k -l + (2^P + y-p 2 ] AA c p 
E A (Z + k) + E X (Z - k) - pj^P) a " 



This is exactly the equations obtained in frameworks of eigenstate problem. The functions 



DiHs; P) 



D A i(s; P) 



F^ A {s- 


i 5 ) 




(E A (| + s) + £ A (f 




- ^a(P)) 
















j 3 ) 





(27) 



(E A (§ + s) + E A (§ - s) - ii aa (P) 
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have the meaning of bound states wave functions. 

So we have got the closed equations for D A g(k; P), D A p(k; P) and D A g(k; P). The 
solutions for (|25|,|26|) would have the following form: 

F aP = A aP (P) + PB aP {P) + W aP (P). (28) 

Here A a p(P), B a p(P), C a p(P) are matrixes depending only on P. 

I). First, let us consider the equations ( p5|) for the bound states of the same kind 
particles, analyzing the bound state rest-frame case, that is P = 0. As one can see, the 
wave functions for these bound states have a definite symmetry: 

D AA (k; 0) = -D AA {-k; 0), D^(k; 0) = -D AA (-k; 0). (29) 

Therefore symmetrical and skewsymmetrical parts of D AA (k;0), D AA (k;0) are splitted. 
Then in solution (B3|) (A a p, B a p, C a p are constant matrices) skewsymmetrical A a p and B a/3 
and symmetrical C a p over a, f3 matrices contribute independently to the bound states and 
correspond to isoscalar and isovector states. Hence it follows, that A a p = Ae a p, B a p = 
Be a /3 and C a p can be expanded over three symmetrical matrices: J, tl, t%. According 
to these remarks the equation fl25|) is brought to the following set of equations: 

A = I A + (2mc)' 2 hA + I X B + (2m C y 2 I 2 B, 
B = (2mcy 2 I A + (2mcy 2 hB, 

Ci p = (2mc)- 2 r>Cl p . (30) 

Here 

= /iAA(0), stand for isoscalar and isovector states masses of bound states 
AA, AA accordingly. Let us introduce the dimensionless parameter G = 2g/{m A c 2 ) and 
the parameters: 

xl = m A (2m A c 2 - /i s ), xl = m A (2m A c 2 - (jl v ). (32) 



The equations on these parameters Xs, Xv follow from (pCf). 

From the last relation of ( p0|) using (|3~ID we obtain usual "gap" equation for isovector 
state: 



A 



A m A f o A; 



2 



(2vr)3 3m V 7 d k fr + x 2 ^ 
First two equations (|30"D form linear homogeneous system with respect to A and B. 



Demanding the determinant of this system to be zero we come to the equation on fj, s : 

(h - (2mc) 2 ) 2 = I (J 2 + (2mc) 4 ) . (34) 
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Then from ( j34|) the equation on x 2 follows: 

1 x 2 m A9 < k 2 > +x 2 



Xm A f d*k ( m A g 



(2vr) 3 7 tf+x 2 \(2rnc)< 



+ 



2 (2mc) 2 (2mc) 2 {2mcf 



(35) 



As it was shown in || there are three inequivalent operator realizations of the Hamiltonian 
(|I|) called "A", "B" and "C" cases. The demand in "B" case corresponding to zero 
vacuum energy for the one particle energy to have the usual nonrelativistic form, Es(k) = 



{2mA) l k 2 + m^c 2 , leads to the expressions: < k 2 >= m\(? 1 + G + \Jl + G , allowing 
to exclude the parameter < k 2 >. Then after integration in the l.h.s. of equation (|35| ) we 
derive transcendental equation: 

(z 2 ci — C2)[z — arctan,?) = z 3 , (36) 

where 

9 3 + 2G + VT+~G 3_A 2 \ A 

ci = — — • , c 2 = -G 1 + 



20 1 + G + VTTG' 4 V l + v/TTGV' " 

The analysis of this equation shows that it always has a solution at C\ > 1. With a good 
accuracy C\ ~ therefore, the condition of the existence of a solution for bound state 
with zero isospin reduces to G > From the numerical solution of the equation fl3"E| ) 
follows that z(G) strongly changes in the region y < G < 1.3, but further on, at G > 1.3, 

is slowly achieving its asymptotic value z(oo) — 



II). Now let us consider the equation (|26|) for wave function of the two different kind 
particle bound state. In this case there is no such a symmetry as took place for bound 
states of particles AA and AA (p9[). Therefore the solution (^) can not be splitted, and 
one should solve the homogeneous system of three equations for matrixes A a/3 (P), B a/3 (P), 
C^ c/3 (P). The denominator of (|26D contains two different one-particle excitations spectra 
+ k) an d E^{j — k). Using the explicit form of these spectra ([12]) and changing 
the variable k — > k, = k + P7 where 7 = mc 2 /g = (1 + Vl + G)/G one could 
obtain the same (symmetrical over k) structure of the denominator in the kernel of the 
equation (|26| ) as in previous case. The system of equations to determine the matrixes 
A aP (P), B aP (P), CyP) now reads: 

(-(2mc) 2 / (i 3 ) + P 2 ((2l) 2 - 1)I {P) + h{P) ~ l) A aP (P) + 
+ (-(2mc) 2 + P 2 ((2 7 ) 2 - IMP) + HP)) B a p(P) - Uh{P)PCai3{P) = 0, 



3 

h{P)A aP {P) + (h(P) - l)B aP {P) = 0, (37) 

4MP)PA a/ 3(P) + 4jh(P)PB a p(P) - - l) C a/3 (P) = 0, 

P 2 - 
where M 2 (P) = — (1 - 4 7 2 ) - (2mc) 2 + < k 2 > -2m 7/ u(P); 
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As it is seen from the last equation of fl37j), the vector C a p(P) has the structure C a p(P) = 
PC a /3{P) + C°g(P). Substituting this expression into the system (|37|), we obtain at first 
the equation 

\h{P)Cl = C^ , (39) 
and secondly the condition for determinant of the system: 

(2mc) 2 / (P) + P 2 ((2 7 ) 2 - l)/o(P) + h(P) - l) A aP {?) + 
+ (_(2mc) 2 + P 2 ((2 7 ) 2 - IMP) + I 2 (P)) B a/3 (P) - ^hiP^C^P) = 0, 
I Q (P)A aP (P) + (h(P) - l)B aP (P) = 0, (40) 



A 1 I (P)A a(3 {P) + A 1 I 1 (P)B af3 (P) - ( -/x(P) - 1 ) C aP {P) = 



to be equal to zero. So the equation ( |39| ) determines the solution for isovector state: 

d 3 ss 2 1 



3(2yr) 3 y s 2 + M 2 (P) ^* 



(41) 



The system (|4"0| ) has no fixed tensor structure so the mentioned condition for determinant 
of the ((5]) gives the equation for bound state mass fi A ^(P) of isoscalar and isovector 
states in the similar form: 



»aa(P) = SAP) 



V < 2 (P\ = GF>2 
Am a 



2 24 7 2 
5 + 12 7 2 



1 + 2M 2 (P)J (P) 



(42) 



At infinitesimal P bound state energy n AA (P) tends to zero, that corresponds to the 
Goldstone mode. The existence of these four Goldstone modes was shown algebraically 
in the paper ||. Such a state is generated by the operator Q' a n = J d^kA^ a (k)A^ a (—k): 

Q | 0) = | D AA (0)) . (43) 

Therefore the wave function D A ^(k; 0) = 1 at P = 0. Let us substitute the solution (|28 



into eq.(p6|) at P = 0, taking into account that C a/ 3(0) = 0. Thus we obtain the relation 

- 2g + g-^ + g^r^r = E A (k) + E A (—k), (44) 

which according to (|I~2"D is identity independently of the cut-off A value. 

The authors are grateful to A.N. Vail, S.E.Korenblit and V.M.Leviant for inspiring 
discussions. 



References 

[1] H. Umezawa, H. Matsumoto, M. Tachiki, Thermo Field Dynamics and Condensed 
States, North - Holland Publishing Company 1982. 



8 



[2] A.N. Vail, S.E. Korenblit, V.M. Leviant and A.V. Sinitskaya, Preprint ISU-IAP. Th95- 
02, Irkutsk 1995. |quant-ph/ 95080171 . 



[3] Silvan S. Schweber, An Introductin to Relativistic Quantum Field Theory, Petrson & 
Co., 1961 

[4] A.N. Vail, S.E. Korenblit, V.M. Leviant and A.V. Sinitskaya, Proceedings of X Inter- 
national Workshop, High Energy Physics and Quantum Field Theory (Zvenigorod 
1995), Moscow State University Publishing House (to be published). 

[5] S.P. Klevansky, Reviews of Modern Physic, Vol.64, No.3, July 1992. 

[6] V.N. Pervushin, Yu.L. Kalinovsky, W. Kallies, N.A. Sarikov, Fortschr. Phys. 38 (1990) 
5, 333-351. 

[7] F.A. Beresin, L.D. Faddeev, Dokl.Akad.Nauk SSSR 137 (1961) No.5 



9 



